Abstract. We study hypercyclicity, Devaney chaos, topological mixing properties and strong mixing in the measure-theoretic sense for operators on topological vector spaces with invariant sets. More precisely, our purpose is to establish links between the fact of satisfying any of our dynamical properties on certain invariant sets, and the corresponding property on the closed linear span of the invariant set, or on the union of the invariant sets. Viceversa, we give conditions on the operator (or C0-semigroup) to ensure that, when restricted to the invariant set, it satisfies certain dynamical property. Particular attention is given to the case of positive operators and semigroups on lattices, and the (invariant) positive cone. We also present examples that illustrate these results.
Introduction
The dynamics of a linear operator T : X → X on a topological vector space (in short, tvs) is analyzed in connection with the dynamical behaviour of the restriction of T to certain invariant sets.
We recall that an operator T on a tvs X is called hypercyclic if there is a vector x in X such that its orbit Orb(x, T ) = {x, T x, T 2 x, . . . } is dense in X. A continuous map T on a topological space X is topologically transitive if for every pair of non-empty open subsets U and V of X there exists an n ∈ N such that T n (U ) ∩ V = ∅. It was shown by Birkhoff that a continuous map T on a separable and complete metric space without isolated points admits dense orbits if and only if it is topologically transitive. Stronger topological properties are the following: T is mixing if for any pair of nonempty open sets U ,V ⊂ X there exists some n 0 ∈ N such that T n (U ) ∩ V = ∅ for every n ≥ n 0 , T is weakly-mixing if the map T × T is topologically transitive, and T is topologically ergodic if N (U, V ) = {n ∈ N 0 : T n (U ) ∩ V = ∅} is syndetic. A subset S ⊂ N is called syndetic if there is a finite subset F of Z such that S + F = N.
According to [12] a continuous map T on a metric space X is Devaney chaotic if it is topologically transitive, the set of periodic points Per(T ) is dense in X, and it is sensitive (i.e., there exists > 0 such that for each x ∈ X and each δ > 0 there are y ∈ X and n ∈ N with d(x, y) < δ and d(f n (x), f n (y)) > ). It is well-known that if we have the first two conditions then sensitivity is granted. Given two operators T and S defined on tvs X and Y , respectively, we say T is quasi-conjugate to S if there exists a continuous map Φ : Y → X with dense range such that T • Φ = Φ • S. The recent books [8] and [23] contain the theory and most of the recent advances on hypercyclicity and linear dynamics.
Concerning measure-theoretic dynamics, let (X, B, µ) be a probability space, where X is a topological space and B denotes the σ-algebra of Borel subsets of X. The support of a Borel probability measure µ, denoted by Supp(µ), is the smallest closed subset F of X such that µ(F ) = 1. In particular, µ has full support if for all non-empty open set U ⊂ X we have µ(U ) > 0. A measurable map T : (X, B, µ) → (X, B, µ) is called a measurepreserving transformation if µ(T −1 (A)) = µ(A) for all A ∈ B. (X, T ) is an E-system if there exists a T -invariant probability measure µ with full support. T is ergodic if T −1 (A) = A for a certain A ∈ B necessarily implies that µ(A)(1 − µ(A)) = 0. T is said to be strongly mixing with respect to µ (or, viceversa, µ is strongly mixing with respect to T ) if
We refer to [34, 14] for a detailed account on these properties. We also recall that a family of operators (T t ) t≥0 on a Banach space X is a C 0 -semigroup if T 0 = I, T t+s = T t • T s and lim s→t T s x = T t x for all x ∈ X and t ≥ 0. If X is a separable, (T t ) t≥0 is said to be hypercyclic if there exists x ∈ X such that the set {T t x ; t ≥ 0} is dense in X. An element x ∈ X is a periodic point for the semigroup if there exists t > 0 such that T t x = x. A semigroup (T t ) t≥0 is called chaotic if it is hypercyclic and the set of periodic points is dense in X.
There are analogous properties related to C 0 -semigroups defined on a probability space (X, B, µ), where X is a Banach space and B denotes the σ-algebra of Borel subsets of X. A measure µ is said to be (T t ) t -invariant if for all A ∈ B we have that µ(A) = µ(T
Some basic notions about Pettis integrability will be needed for the results on C 0 -semigroups. Let X be a Banach space and (Ω, µ) a σ-finite measure space. A function f : Ω → X is said to be weakly µ-measurable if the scalar function ϕ • f is µ-measurable for every ϕ ∈ X , where X denotes the topological dual of X; f is said to be µ-measurable if there exists a sequence (f n ) n of simple functions such that lim n→∞ f n − f = 0 µ-a.e. By Dunford's lemma, if f is weakly µ-measurable and ϕ • f ∈ L 1 (Ω, µ) for every ϕ ∈ X , then for every measurable E ⊆ Ω there exists x E ∈ X such that
for every ϕ ∈ X . When f : Ω → X is weakly µ-measurable and ϕ • f ∈ L 1 (Ω, µ) for every ϕ ∈ X , then f is called Dunford integrable. The Dunford integral of f over a measurable E ⊆ Ω is defined by the element x E ∈ X such that x E (ϕ) = E ϕ • f dµ, for every ϕ ∈ X . In the case that x E ∈ X for every measurable E, then f is said to be Pettis integrable and x E is called the Pettis integral of f over E. If f is integrable on Ω (i.e. f is Bochner integrable on Ω), then f is Pettis integrable on Ω.
Although chaotic properties for linear operators are usually considered in the context of F -spaces, more general tvs have also attracted the attention in recent years (see, e.g., [11, 32] and Chapter 12 of [23] ). In the first section we deal with operators T on general tvs X. We will provide several conditions under which a dynamical property can pass from an invariant set (or a countable family of invariant sets) of the operator to the closure of its linear span (or to the union of the invariant sets). In [5] analogous results have been given for backward shift operators and the specification property. Some examples include an interplay between finite-dimensional and infinitedimensional dynamics. In the last section we will give several criteria for operators and C 0 -semigroups that allow certain dynamical properties when restricted to invariant sets. Special attention is devoted to positive operators on Fréchet lattices and C 0 -semigroups of positive operators on Banach lattices when the invariant set is the positive cone. In this case the results are relevant in connection with applications since, for instance, the chaotic behaviour of certain solutions to differential equations make sense only when they are positive. This provides partial answers to questions of Banasiak, Desch and Rudnicki (personal communication).
Dynamical properties inherited from invariant sets
In this section we plan to study dynamical properties, in the topological sense, of operators that admit invariant sets, supposed that the corresponding properties are satisfied when the operators are restricted to the invariant sets. We will show that these properties can be extended to the closed span of the corresponding invariant sets.
Our first result is rather general and does not need linearity. Although it is almost immediate, we include a proof of it for the sake of completeness. Proposition 2.1. Let T : X → X be an operator, (K n ) n an increasing sequence of T -invariant sets, and Y = ∞ n=1 K n . We have:
Proof. We will prove the case (v) of topological ergodicity, the other cases being similar. It is sufficient to show that T | ∞ n=1 Kn is topologically ergodic since the property trivially extends to Y by density.
Let U, V be non-empty open sets of
By our hypothesis T | Km is topologically ergodic, so
If we have a T -invariant subset K ⊂ X which is absolutely convex, then nK ⊂ mK when n ≤ m and span(K) = nK. Therefore, an easy application of Proposition 2.1 yields the following result.
Corollary 2.2. Let T : X → X be an operator and let K be an absolutely convex T -invariant set such that T | K is transitive (respectively weakly-mixing, mixing, chaotic, topologically ergodic), then T | span(K) is transitive (respectively weakly-mixing, mixing, chaotic, topologically ergodic). In particular, if span(K) = X, then the property is inherited by T on the whole space X.
Absolute convexity of the invariant set is not needed if we assume, at least, the weak mixing property for T | K . A version of the following result, except chaos, is given for non-autonomous dynamical systems in Theorem 1 of [27] . Theorem 2.3. Let T : X → X be an operator and let K be a T -invariant set such that 0 ∈ K and T | K is weakly mixing (respectively, mixing, weakly mixing and chaotic), then T | span(K) is weakly mixing (respectively, mixing, weakly mixing and chaotic).
Proof. We will only show the weak mixing property. Moreover, it will suffice to prove that T | span(K) is weakly mixing. Let U j , V j ⊂ span(K), j = 1, 2, be non-empty open sets. We fix λ i,j , λ i,j ∈ K and x i,j , x i,j ∈ K, i = 1, . . . , n, j = 1, 2, such that
for any α i ∈ {λ 1,1 , . . . , λ n,2 , λ 1,1 , . . . , λ n,2 }, i = 1, . . . , n. Since T | K is weakly mixing, by Furstenberg's result [17] , there are y i,j ∈ U i,j , z i,j ∈ W , and n ∈ N such that T n y i,j ∈ W , and T n z i,j ∈ V i,j , i = 1, . . . , n, j = 1, 2. By the above selection,
Actually, we know that every chaotic operator T on a general tvs is weakly mixing (See Corollary 3 in [22] ), thus we had a redundancy in the conclusion of Theorem 2.3. We wrote it this way to be consistent with the other properties. The previous Theorem allows us to provide some surprising examples that show the interplay between non-linear finite-dimensional dynamics and linear (infinite-dimensional) dynamics. The first example is inspired by [30] , where a procedure known as Carleman linearization is indicated. The second example was given by Feldman [15] , who showed that there exists a universal chaotic operator "containing" the dynamics of every continuous map on a compact metric space. We also consider in the third example the so-called Lipschitz-free Banach spaces (or Arens-Eells spaces) generated by a metric space (see [19, 24] ). Note that free spaces were also used in [32] in the context of hypercyclicity. Finally, the Frobenius-Perron operator on the space of measures is also considered [6] . , which is chaotic and mixing. We will embed [0, 1] in a locally convex space X via a map φ, and we will give an operator T : X → X such that T • φ = φ • p and span(φ[0, 1]) = X. An application of Theorem 2.3 will yield that T is mixing and chaotic. To do so we set
The space X can be identified with H(0), the space of holomorphic germs at 0, if we associate to each function the coefficients of its Taylor expansion. X is endowed with its natural inductive topology. We refer the reader to, e.g., [13] for the details. We define the embedding φ : I → X as φ(x) = (x, x 2 , x 3 , . . . ), and the operator T : X → X is defined by
The selection of the sequence space X easily gives that T is a well-defined operator on X. Also, a simple computation shows that
We observe that span(Y ) is dense in X by the Hahn-Banach theorem. Indeed, since the dual of X is
which can be identified with the space of entire functions, we have that φ(x), (y i ) i = i y i x i = 0 for some (y i ) i ∈ X and for all x ∈ I, implies y i = 0 for every i ∈ N. The hypothesis of Theorem 2.3 are satisfied, and hence T is mixing and chaotic. This example can be generalized to many classes of maps that satisfy certain chaotic properties on subsets of R or C.
(2) Universal Hilbert-space operator: In [15] Feldman constructed a Hilbert space operator which is universal, in the sense that it "represents" all possible dynamics on a compact metric space: Let f : M → M be a continuous map on a compact metric space M for which we additionally suppose that there exists z ∈ M such that f (z) = z. Given a countable dense subset {x n ; n ∈ N} of M , we fix h : M → 2 defined by
where (e i ) i is the canonical basis of 2 . Let X := 2 ( 2 ) and Φ : M → X defined by
The map Φ is a homeomorphism onto its image such that Φ(z) = 0. Also, if we set T : X → X, T (v 1 , v 2 , . . . ) := (2v 2 , 2v 3 , . . . ), then f and T | K are topologically conjugated by Φ, where K := Φ(M ). By Theorem 2.3 we obtain that T | span(K) is weakly mixing (respectively, mixing, weakly mixing and chaotic) if f is so. (3) Lipschitz-free spaces: Given a metric space (K, d) with a distinguished point 0 ∈ K, one can consider the space of Lipschitz maps on K that annihilate on 0
δ is an isometry and the Lipschitz-free Banach space generated by K is
yields that, when L is weakly mixing (respectively, mixing, weakly mixing and chaotic), so is T L .
(4) Frobenius-Perron operator: Let T : K → K be a continuous map defined on a compact metric space K. Let us denote by M (K) the space of Borel probability measures defined on K endowed with the weak topology.
. T M is known as the Frobenius-Perron operator on measures associated with T . Actually, by Riesz representation theorem, T M is the adjoint operator of the composition operator f → f • T on the space of continuous functions C(K). From now on we will consider that T M is defined on C(K)
* . Suppose that T admits a fixed point x ∈ K, and let us consider the translated compact set K = M (K) − δ x , where δ x is the Dirac measure associated with x. It is clear that 0 ∈ K , and K is T M -invariant, due to the fact that T (x) = x. In [6] , the authors prove that if T is mixing or weakly mixing then so is T M | M (K) . It is easy to see, that if T M | M (K) satisfies one of the previous properties, then so does T M | K .
Finally, we have that span(K ) = {µ ∈ C(K) * ; < 1, µ >= 0}, where 1 is the constant function on K. By Theorem 2.3, T M | span(K ) is also mixing or weakly mixing, respectively. Theorem 2.5. Let T : X → X be an operator and let Y be an absolutely convex T -invariant set such that (Y, T ) is an E-system and span(Y ) = X, then T is topologically ergodic.
Proof. Every E-system is topologically ergodic (see [18] ), so (Y, T ) is topologically ergodic, and by Corollary 2.2, T is topologically ergodic.
The following result shows that one can even improve, in some sense, the dynamical properties of the operator from the invariant sets to the corresponding closure of their union. Theorem 2.6. Let T : X → X be an operator and (K n ) n an increasing sequence of T -invariant bounded sets such that T | Kn is topologically transitive and ∞ n=1 K n = X. Then T is weakly mixing. Proof. We will apply the following result which can be found in [22] (see [20] for the original version on Banach spaces): If T : X → X is a transitive operator such that there exists a dense subset X 0 ⊂ X with Orb(x, T ) bounded for all x ∈ X 0 , then T is weakly-mixing.
By Proposition 2.1, T : X → X is transitive. If we take X 0 = ∞ n=1 K n , then every x ∈ X 0 has a bounded orbit, and we conclude the result.
Let (Y, T ) be a dynamical system with Y compact and let U be a finite cover of Y by non-empty open sets. We let r(U) denote the minimal cardinality of a subcover of U and set c(n) = c(U, n) := r(U n 0 ) where,
We call c(∆, U) the complexity function of the cover U. Given (X, T ) a dynamical system we will define the complexity function c(X) of X as the supremum of all the complexity functions of the covers of all invariant compact sets contained in X. Theorem 2.7. Let T : X → X be an operator and let Y ⊂ X be a compact T -invariant set such that T | Y is sensitive to initial conditions, then the complexity function of X is unbounded.
Proof. As (Y, T ) is sensitive to initial conditions, it is not equicontinuous and by lemma 6.1 of [18] , for all open covers U of Y , C(U, n) is unbounded. So the complexity function of X is unbounded.
Dynamics on invariant sets and positive operators
There are well-known criteria of chaos, mixing and weak mixing properties for operators [23] . Our next goal is to derive some criteria under which an operator restricted to an invariant set is mixing or weakly mixing. Proposition 3.1. Let T be an operator and let K be a T -invariant set. If there are dense subsets X 0 , Y 0 ⊂ K, an increasing sequence (n k ) k of positive integers, and a sequence of maps S n k : Y 0 → X, k ∈ N, such that, for any
Proof. We will show the weak mixing case. Let U 1 , U 2 , V 1 and V 2 be nonempty open sets of K. By assumption we can find vectors x j ∈ U j ∩ X 0 and y j ∈ V j ∩ Y 0 , j=1,2. Then by (ii) and (iii),
It follows from (ii) and (iv) that, for sufficiently large k, x j + S n k y j ∈ U j for j = 1, 2. This shows that T | K is weakly mixing.
The following two examples illustrate how the previous result can be applied. 
It is clear that T Sy = y for all y ∈ Y 0 , and that T n k x → 0, x ∈ X 0 , S n k y → 0, y ∈ Y 0 , so that (i), (ii) and (iii) in Proposition 3.1 are satisfied. With respect to condition (iv), we just have to observe that, if x, y ∈ K have disjoint supports, then z := x + y ∈ K. Thus, given x ∈ X 0 and y ∈ Y 0 , for sufficiently large k we get that x and S n k y have disjoint support, so x + S n k y ∈ K. We conclude that T | K is weakly mixing. Example 3.3. We consider a hypercyclic weighted backward shift T := B w on p and the subset K defined as
Let X 0 = Y 0 be the space of finite sequences in K . By following the proof of the previous example we clearly have that all the conditions in Proposition 3.1 are satisfied, and T | K is weakly mixing.
Remark 3.4. It is worth noting that the fourth condition of Proposition 3.1 is necessary. Suppose, for instance, that T := B w is a chaotic weighted backward shift on p and let us define K as
with w 1 = 1. It is clear that K is T -invariant. Although the first three conditions are satisfied, T | K is not even transitive. Given x ∈ K , since T is chaotic we have lim k→∞ k j=1 w j = ∞ (for more details see [23] ) and there exists λ > 0 such that
which excludes the possibility of x having dense orbit in K for every x ∈ K .
In the case that X is a complex space, we can offer a sufficient condition for the chaotic behaviour of T | K on an invariant set K.
Corollary 3.5. Let T ∈ L(X) with X complex, and let K ⊂ X be a T -invariant set. If T | K satisfies conditions of Proposition 3.1 and the subset span{x ∈ X ; ∃λ ∈ C, ∃n ∈ N with T x = λx and λ n = 1} ∩ K is dense in K, then T | K is chaotic.
As a consequence of Proposition 3.1, we will also deduce sufficient conditions for weak mixing and mixing properties of positive operators on Fréchet lattices, when restricted to the positive cone. We recall the following necessary concepts (see, e.g., [31] ). Definition 3.6. A lattice is a non-empty set M with an order ≤ such that every pair of elements x, y ∈ M has both a supremum and an infimum.
An ordered vector space is a real vector space X which is also an ordered space with the linear and order structures such that:
• If x, y, z ∈ X and x ≤ y then x + z ≤ y + z • If x, y ∈ X, x ≤ y and 0 ≤ α ∈ R, then αx ≤ αy The set X + = {x ∈ X ; x ≥ 0} is termed the positive cone in X and its elements are called positive. An ordered vector space which is also a lattice is a vector lattice.
If X and Y are vector lattices then an operator
A normed lattice is a normed space which is also a vector lattice in which x ≤ y implies x ≤ y . A normed lattice which is also a Banach space is called a Banach lattice.
A Fréchet lattice is a Fréchet space that is a vector lattice and carries an increasing sequence of seminorms ( · n ) n such that x ≤ y implies x n ≤ y n for all n ∈ N.
As a direct consequence of Proposition 3.1 we have:
Let T ∈ L(X) be a positive operator defined on a Fréchet lattice X. If there are dense subsets X 0 , Y 0 ⊂ X + , an increasing sequence of integers (n k ) k , and a sequence of maps S n k :
Example 3.8. Given a weighted backward shift T := B w on X := p with lim k k j=1 w j = +∞, we consider X 0 = Y 0 be the space of finite sequences in X + and the weighted forward shift S :
then we have that all the conditions in Proposition 3.7 are satisfied, so T | X + is mixing.
By following the ideas that the authors developed in [28] and [29] , respectively, we show that certain "positive" versions of frequent hypercyclicity criteria ensure the existence of T -strongly mixing measures supported on the positive cone of a Fréchet lattice, and the existence of (T t ) t -invariant strongly mixing Borel probability measures supported on the positive cone of a Banach lattice, where T is a positive operator and (T t ) t≥0 is a C 0 -semigroup of positive operators, respectively. Combined with the previous results, we have at the same time mixing and chaos, in the topological sense, on the positive cone.
Theorem 3.9. Let T be a positive operator on a separable Fréchet lattice X. If there are, a dense subset X 0 of X + , and a sequence of maps S n : X 0 → X + , n ∈ N, such that, for each x ∈ X 0 , (i)
S n x converges unconditionally, (iii) T n S n x = x and T m S n x = S n−m x for n > m, then T | X + is mixing, chaotic, and there is a T -invariant strongly mixing Borel probability measure µ on X + whose support Supp(µ) is equal to X + .
Proof. The fact that T | X + is mixing is a consequence of Proposition 3.7.
Concerning chaos, we just need to observe that, for each x ∈ X 0 and k ∈ N, the vector
is periodic, and these type of vectors form a dense subset of X + . Finally, for the existence of the strong mixing measure, we just have to follow step by step the proof of Theorem 1 in [28] .
Before giving the result for C 0 -semigroups, we would like to recall the concept of sub-chaos of Banasiak and Moszyński [3] , which requires the existence of a (T t ) t -invariant subspace Y ⊂ X such that (T t | Y ) t≥0 is chaotic (see also [4, 2] ). Here we are interested in the case of the invariant positive cone for semigroups of positive operators, mainly because of its applications to certain differential equations. Theorem 3.10. Let (T t ) t≥0 be a C 0 -semigroup of positive operators on a separable Banach lattice X. If there exist X 0 ⊂ X + dense in X and maps S t : X 0 → X + , t > 0 such that
is mixing, each operator T t | X + with t > 0 is chaotic, and there is a (T t ) t -invariant strongly mixing Borel probability measure µ on X + whose support Supp(µ) = X + .
Proof. For the mixing property of (T t ) t≥0 , one can easily derive a continuous version of Proposition 3.7. Given t > 0, we can show that T t | X + is chaotic by the argument in Proposition 2.6 of [25] . Also, the existence of the strong mixing measure supported on X + is a consequence of the proof of Theorem 3 in [29] .
Remark 3.11. It seems that the above criteria for the existence of mixing measures supported on the positive cone can only be derived from the type of constructions given in [28] and [29] since other general criteria, like the ones in [7, 9] , are for complex spaces and depend strongly on the existence of certain eigenvectors associated to unimodular eigenvalues, which cannot induce measures supported on the positive cone. Also, the measures obtained in [7, 9] are Gaussian, so their support is a closed subspace which can never be included in the positive cone. Recent results on the existence of invariant measures with ergodic properties in linear dynamics can be found in [21] .
We finally present examples of some C 0 -semigroups of positive operators where we can apply Theorem 3.10. • v(t) > 0 for all t ∈ [0, ∞[ and • there exist M ≥ 1 and ω ∈ R such that v(τ ) ≤ M e ωt v(τ + t) for all τ ∈ [0, ∞[ and all t > 0. We consider the following function spaces
If X is any of the spaces above, the translation semigroup (T t ) t≥0 defined by T t f (x) = f (x + t) is a C 0 -semigroup. We assume that ∞ 0 v(s)ds < ∞. In these spaces, X + = {f ∈ X ; f (x) ≥ 0, for all x ∈ [0, ∞[}. Let X 0 be the positive span of the space generated by the characteristic functions of bounded intervals of [0, ∞[, which is clearly dense in X + . By Propositions 3.3 and 3.4 in [25] , we have that the translation semigroup satisfies the hypothesis of Theorem 3.10 and, in particular, we can define a T t -invariant strongly mixing Borel probability measure µ on X + whose support is X + .
Example 3.13. In [33] Takeo studied the solution semigroup (T t ) t≥0 on X, a certain function space defined on an interval I of R, associated with the following partial differential equation
where h is a bounded function on I and f ∈ X. We consider The operator φ : X → X given by φ(g)(x) = ρ(x)g(x), for g ∈ X and for x ∈ I is an isometric isomorphism and φ • T t = T t • φ (for more details see [33] ). Since ρ(x) > 0, it is clear that φ : X + → X + is also an isomorphism. We have by Example 3.12 that, if h(t) = a t+1 with a > 1/p, then ∞ 0 ρ(s)ds < ∞, thus ( T t ) t≥0 satisfies satisfies the hypothesis of Theorem 3.10, and so does (T t ) t≥0 by conjugacy.
Example 3.14. We let X = {f ∈ C([0, 1], R) : f (0) = 0} with the sup norm. In [26] (se also [1] where γ < 0, h ∈ C([0, 1], R) and f ∈ X. Then the solution semigroup (T t ) t≥0 , T t f (x) = e t 0
h(e γ(t−s) x)ds f (e γt x) to the equation (3.2) is a strongly continuous semigroup on X. We will see that if min{h(x) : x ∈ [0, 1]} is positive, then (T t ) t≥0 satisfies the conditions of Theorem 3.10. Indeed, let X 0 = {f ∈ C([0, 1], R + ) ; ∃ > 0 ∀x ∈ [0, ], f (x) = 0}. It is clear that X 0 is dense in X + . We define the sequence of maps S t : X + → X + as
h(e −γs x)ds f (e −γt x).
Given r ≥ t, we have that
h(e γ(t−s) x)ds S r f (e γt x) = h(e −γs e γt x) f (e γ(t−r) x) = S r−t f (x).
It remains to check that t → S t f and t → T t f are Pettis integrable on [0, +∞) for all f ∈ X 0 . Actually, we will show that they are Bochner integrable on [0, +∞). In the first case, to prove that ∞ 0 S t f dt < ∞ for a given f ∈ X 0 , we denote by M = max{f (x) ; x ∈ [0, 1]}. Thus T t f dt < ∞, which concludes the result.
